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Step-wise Explanations for the Additive Model

What ?
Explain methodically the comparative statement

X %ω Y
where :

%ω is a binary relation on 2[m]

represented by the score function ω : 〈ωi〉i∈[m] with ωi ∈ N

[m] is a finite set of indivible items/criteria

X %ω Y ⇔ ω(X) ≥ ω(Y)

ω(X) =
∑
i∈X

ωi and ω(Y) =
∑
j∈Y

ωj

How ?
Throughout the use of argument

schemes:

operators tying a sequence of statements, called the
premise, satisfying some conditions, into another

statement called the conclusion

For ?
Elicitation procedures

improvement and
Justification of decision models

outcomes

in Decision Theory and Theory of
measurement

1



Outline

1. Generalities

A motivating example

The Argument schemes & the Explanation problem

The Argument schemes & the Additive model properties

2. Technical aspects

The ceteris paribus scheme

The transitive scheme

The covering scheme

3. Numerical experimentation

2



Generalities



A motivating example

Criteria
(a) affordability: “acceptable” (+) or “expensive” (−),

(b) Metropole shipping fee included: “yes” (+) or “no” (−),

(c) Overseas shipping fee included: “yes” (+) or “no” (−),

(d) mask quality: “high” (+) or “good” (−),

(e) provider reputation: “good” (+) or “fair” (−),

(f) washable: “yes” (+) or “no” (−),

(g) customizable: “yes” (+) or “no” (−).

Performance table & score function

a b c d e f g Scores
W − + − − − + + 204
X − − + + + − − 188
Y + − − + − − − 187
Z − − + − + − + 166
ω 128 126 77 59 52 41 37 -

W ≡ bfg | X ≡ cde | Y ≡ ad | Z ≡ ceg

ω(Z) = ω(ceg) = 77 + 52 + 37 = 166

ω is a hidden preference model

Explain why W is the best supplier

through the step-wise explanations of
the comparative statements

W %ω X, W %ω Y and W %ω Z
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The Argument schemes & the Explanation problem

An argument scheme is an operator tying a sequence of statements, called the premise, satisfying
some conditions, into another statement called the conclusion.

bfg %ω cde

ab %ω ad

cde %ω ab

bfg %ω ad

b %ω de

fg %ω c

bfg %ω cde bfg %ω ceg

bf %ω ce
a %ω c

bc %ω ad b %ω dω
=

{a
:
12
8,

b
:
12
6,

c
:
77
,
d
:
59

,
e
:
52
,
f
:
41
,
g
:
37
}

The Explanation problem

Inputs:

• The comparative statement
(A, B) ∈ 2[m] × 2[m] to explain,

• The score function ω and the
induced preference relation %ω ,

• A : a set of statements
belonging to %ω ,

• A set of argument schemes S ,

• a positive integer k.

Question:
Is there a positive integer k′ ≤ k, a list

of length k′ of statements
[(A1, B1), . . . , (Ak′ , Bk′ )] all belonging
to A, and a scheme s ∈ S such that
[(A1, B1), . . . , (Ak, Bk)]

s−→ (A, B) ?
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The Argument schemes & the Explanation problem

An argument scheme is an operator tying a sequence of statements, called the premise, satisfying
some conditions, into another statement called the conclusion.

bfg %ω cde

ab %ω ad

cde %ω ab

bfg %ω ad

b %ω de

fg %ω c

bfg %ω cde bfg %ω ceg

bf %ω ce
a %ω c

bc %ω ad b %ω dω
=

{a
:
12
8,

b
:
12
6,

c
:
77
,
d
:
59

,
e
:
52
,
f
:
41
,
g
:
37
}

cov

dec

cp

tr

The Explanation problem

Inputs:

• The comparative statement
(A, B) ∈ 2[m] × 2[m] to explain,

• The score function ω and the
induced preference relation %ω ,

• A : a set of statements
belonging to %ω ,

• A set of argument schemes S ,

• a positive integer k.

Question:
Is there a positive integer k′ ≤ k, a list

of length k′ of statements
[(A1, B1), . . . , (Ak′ , Bk′ )] all belonging
to A, and a scheme s ∈ S such that
[(A1, B1), . . . , (Ak, Bk)]

s−→ (A, B) ?
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The Argument schemes & the Additive model properties

The additive model properties

Let %ω be the binary relation induced by the score function ω.

• %ω is transitive : X %ω Y and Y %ω Z imply X %ω Z

• %ω satisfies 1-order cancellation : (X \ Y) %ω (Y \ X) ⇐⇒ X %ω Y

• %ω satisfies K-order cancellation (K ≥ 2):

(X(1), . . . , X(K)) =0 (Y(1), . . . , Y(K))

X(k) %ω Y(k) for all k < K

⇒ Y(K) %ω X(K)

(X(1), . . . , X(K)) =0 (Y(1), . . . , Y(K)) mean that for every i ∈ [m], |{k : i ∈ X(k)| = |{k : i ∈ Y(k)| i.e. each criterion i

appears as many times in the subsets X(k) than in the subsets Y(k) .
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Argument schemes and Additive model properties

The argument schemes : Ceteris paribus scheme

O derived from the 1-order cancellation property.
O One premise : (X \ Y) %ω (Y \ X)

i.e. the comparison between the non common criteria of the
comparative statement (X, Y) supported by ω.

O The conclusion : X %ω Y.

e.g:

ω = {a : 128, b : 126, c : 77, d : 59, e : 52, f : 41, g : 37}

W ≡ bfg | X ≡ cde | Y ≡ ad | Z ≡ ceg

q d %ω g ⇒ X %ω Z
q bf %ω ce ⇒ W %ω Z
q bfg %ω cde ⇒ W %ω X
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Argument schemes and Additive model properties

The argument schemes : Transitive scheme

O derived from the transitive property.
O Premises : X(1) %ω Y(1), . . . , X(k) %ω Y(k)

with X(1) = X, X(j) = Y(j−1) for all j ≥ 2 and Y(k) = Y.
O The conclusion : X %ω Y.

e.g:
W

X

Y Z

ω = {a : 128, b : 126, c : 77, d : 59, e : 52, f : 41, g : 37}

q W %ω X ∧ X %ω Y ⇒ W %ω Y
q W %ω X ∧ X %ω Z ⇒ W %ω Z
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Argument schemes and Additive model properties

The argument schemes : Covering scheme

O derived from (a particular case of) the K-order cancellation
property.

(X(1), . . . , X(K−1), Y(K)) =0 (Y(1), . . . , Y(K−1), X(K))
X(k) %ω Y(k) for all k < K

}
⇒ X(K) %ω Y(K)

O Premises : X(k) %ω Y(k) for all k < K with
• the subsets of criteria X(1), . . . , X(K−1) partitioning X(K).
• the subsets of criteria Y(1), . . . , Y(K−1) partitioning Y(K).
• X \ Y = X(K) and Y \ X = Y(K)

O The conclusion : X %ω Y.
e.g: ω = {a : 128, b : 126, c : 77, d : 59, e : 52, f : 41, g : 37}; W ≡ bfg | X ≡ cde

(b, fg,

X︷︸︸︷
cde) =0 (de, c,

W︷︸︸︷
bfg)

b %ω de

fg %ω c 10



The argument schemes : Covering scheme

ω = {a : 128, b : 126, c : 77, d : 59, e : 52, f : 41, g : 37}
pro criteria vs. con criteria

b

f

g

d

e

c

126 > 59+ 52

41+ 37 > 77

a

b

c

f

d

g

128
>
77+

41

126 > 59+ 37

b

d

f

c

e

g

126 > 77

59
>
52

41 > 37

a

c

b

f

g

d e12
8
+
77

>
12
6
+
41

+
37

59 > 52
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The argument schemes : Covering scheme

ω = {a : 128, b : 126, c : 77, d : 59, e : 52, f : 41, g : 37}
pro criteria vs. con criteria

b

f

g

d

e

c

126 > 59+ 52

41+ 37 > 77

L 3
=
L 1

∪
L 2

a

b

c

f

d

g

128
>
77+

41

126 > 59+ 37

L 1
b

d

f

c

e

g

126 > 77

59
>
52

41 > 37
L 0

Decomposition
Languages

q L0 = ∆(1, 1)

q L1 = ∆(1, m)

q L2 = ∆(m, 1)

q L3 = L1 ∪ L2
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The argument schemes : Covering scheme

The chosen decomposition languages

∆(1, m) ∆(m, 1)∆(1, 1)

+ Cognitively easy to grasp.

+ Easily scriptable in a natural language.

- Not complete.

ω = {a : 128, b : 126, c : 77, d : 59, e : 52, f : 41, g : 37}

cf %ω de

is not decomposable !!!
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Covering scheme: Computational complexity

Instance:

• A set PRO of pro criteria and a set CON of con criteria
• The preference model representation ω

L0 L1
Question: Is there a bijective function f from CON to PRO Question: Is there a function f from PRO to 2CON such that :
such that for all j ∈ CON, ω(f (j)) ≥ ω(j)?

1. f (i) ∩ f (i′) = ∅ if i 6= i′ with i, i′ ∈ PRO
2.

⋃
i∈PRO f (i) = CON

3. ω(i) ≥
∑
j∈f (i) ω(j) for all i ∈ PRO

Complexity class: P Complexity class: NP-hard

L2 L3
Question: Is there a application g from CON to 2PRO\{∅} such that : Question: Are there two disjoint subsets PRO1 and PRO2 of PRO,

two disjoint subsets CON1 and CON2 of CON, a function f from

1. g(j) ∩ g(j′) = ∅ if j 6= j′ with j, j′ ∈ CON PRO1 to 2CON1 and a application g from CON2 to 2PRO
2
\{∅}

2.
∑
i∈g(j) ω(i) ≥ ω(j) for all j ∈ CON such that:

1. PRO1 ∪ PRO2 = PRO and CON1 ∪ CON2 = CON
2. f (i) ∩ f (i′) = ∅ if i 6= i′ with i, i′ ∈ PRO1

3.
⋃
i∈PRO1 f (i) = CON1

4. ω(i) ≥
∑
j∈f (i) ω(j) for all i ∈ PRO1

5. g(j) ∩ g(j′) = ∅ if j 6= j′ with j, j′ ∈ CON2

6.
∑
i∈g(j) ω(i) ≥ ω(j) for all j ∈ CON2

Complexity class: NP-hard Complexity class: NP-hard 14



L3−Covering scheme: Computation using ILP

Inputs

• The score function ω : 〈ωi〉i∈[m] .

• The pair (X, Y) to explain.

Notations

• Pro arguments set : (X, Y)+

• Con arguments set : (X, Y)−

(Binary) Variables

s1ij =
{

1 if j ∈ f (i).
0 Otherwise. i

...

j

s2ij =
{

1 if i ∈ g(j).
0 Otherwise.

i

...
j

Constraints

• Syntactic constraints
• For each pro argument i

s1ij +
∑

j′∈(X, Y)−
s2ij′ ≤ 1 ∀ j ∈ (X, Y)−

• For each con argument j∑
i′∈(X, Y)+

s1i′ j + s2ij ≤ 1 ∀ i ∈ (X, Y)+

• ω−compatibility constraints
• For each pro argument i

ωi ≥
∑

j∈(X, Y)−
ωjs

1
ij

• For each con argument j∑
i∈(X, Y)+

(s1ij + s2ij)ωi ≥ ωj
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Back to the motivating example

Combining Ceteris Paribus, Transitive and Covering schemes

ω = {a : 128, b : 126, c : 77, d : 59, e : 52, f : 41, g : 37}

W ≡ bfg | X ≡ cde | Y ≡ ad | Z ≡ ceg

W

X

Y Z

L3−Covering Scheme

O b %ω de ∧ fg %ω c ⇒ W %ω X

Transitive Scheme

O W %ω X ∧ X %ω Y ⇒ W %ω Y
O W %ω X ∧ X %ω Z ⇒ W %ω Z

Ceteris paribus Scheme

O ce %ω a ⇒ X %ω Y
O d %ω g ⇒ X %ω Z
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Numerical Experiments

Instance: (ω, A)

• |A| = 10

• |ω| = m ∈ [[6; 15]]

Sample: 500.000 instances

• 500 sets A

• 1000 score functions ω

A set characteristics:

• no Pareto dominance

• significativity of all criteria

Argument Scheme used:

• Covering scheme

An instance is positive if and only
if all “direct” statements (x∗, y)
are L−covering explainable.

Percentage of positive instances

6 7 8 9 10 11 12 13 14 15
0

10

20
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40
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m

%
of
po
si
tiv
e
in
st
an
ce
s

L3

L1 ⊕ L2

L2

L1

L0

m 6 7 8 9 10 11 12 13 14 15

L3 91.4% 89.9% 87.4% 85.8% 85.1% 84.7% 85.0% 85.1% 85.4% 85.9%
L1 ⊕ L2 90.8% 87.0% 82.6% 78.5% 75.7% 73.5% 71.5% 69.3% 67.8% 66.0%

L1 81.0% 78.3% 73.1% 68.3% 64.7% 61.8% 59.1% 56.7% 54.7% 52.4%
L2 68.3% 51.4% 45.3% 41.1% 38.6% 37.5% 36.3% 35.5% 35.6% 34.5%
L0 58.4% 42.4% 35.1% 29.9% 26.3% 24.3% 22.8% 21.1% 20.6% 19.0%
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Merci!
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